The low-lying even-parity states of the nucleon are explored in lattice QCD using the PACS-CS collaboration 2+1-flavor dynamical-QCD gauge-field configurations made available through the International Lattice Datagrid (ILDG). The established correlation-matrix approach is used, in which various fermion source and sink smearings are utilized to provide an effective basis of interpolating fields to span the space of low-lying energy eigenstates. Of particular interest is the nature of the first excited state of the nucleon, the N 1 2 + Roper resonance of P 11 pion-nucleon scattering.
Introduction
The first positive parity resonance of the nucleon, the N 1 2 + (1440) or Roper resonance, has been the subject of extensive interest since its discovery in 1964 [1] . This P-wave isospin-1/2 spin-1/2 (P 11 ) pion-nucleon resonance has held the curiosity and imagination of the nuclear and particle physics community due to its surprisingly low mass. For example, in constituent quark models the lowest-lying odd-parity state occurs below the P 11 state [2, 3] whereas in Nature, the negative parity N This phenomenon has led to wide speculation on the possible exotic nature of the Roper resonance. For example, the Roper resonance has been described as a hybrid baryon state with explicitly excited gluon field configurations [4, 5] , as a breathing mode of the ground state [6] or a state which can be described in terms of a five quark (meson-baryon) state [7] .
The elusive nature of this low-lying resonance is not constrained to model calculations alone. There have been several investigations of the low-lying nucleon spectrum using the first-principles approach of lattice field theory.
The lattice approach to Quantum Chromodynamics (QCD) provides a non-perturbative tool to explore the properties of hadrons from the first principles of this fundamental quantum field theory. Numerical simulations of QCD on a space-time lattice with the light up, down and strange dynamical-quark masses similar to those of Nature are now possible [8] . As such, some long-standing problems in nuclear-particle physics are now being resolved. For example, the ground-state hadron spectrum is now well understood [9] .
However, gaining knowledge of the excitedstate spectrum presents additional challenges. The Euclidean-time correlation function provides access to a tower of energy eigenstates in the form of a sum of decaying exponentials with the masses of the states in the exponents. The ground state mass, being the lowest energy state, has the slowest decay rate, and is obtained through the analysis of the large-time behaviour of this function. However, the excited states appear in the sub-leading exponentials. Extracting excited state masses from these exponents is intricate as the correlation functions decay quickly and the signal to noise ratio deteriorates rapidly. In addition, the spectrum is composed of both single-particle states and multiple-particle states interacting and mixing in the finite physical volume of the lattice. Understanding the finite-volume dependence of these states and linking them to the resonances of Nature is a long-term program of the lattice QCD community.
In this letter we report the excited-state energy spectrum of the nucleon in the light quark-mass regime of QCD for the first time. Of particular note is the identification of a new low-lying state associated with the Roper resonance of Nature.
Several attempts have been made in the past to find the elusive low-lying Roper state in the lattice framework [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The results reported therein are as much about the development of lattice techniques as they are about the nucleon spectrum. Where the lattice techniques are regarded as robust, a low-lying Roper state was not observed. The difficulties lie in finding effective methods to isolate the energy eigenstates of QCD and in accessing the light quark mass regime of QCD.
The 'Variational method' [23, 24] is the state-of-theart approach for determining the excited state hadron spectrum. It is based on the creation of a matrix of correlation functions in which different superpositions of excited state contributions are linearly combined to isolate the energy eigenstates. A diversity of excited-state superpositions is central to the success of this method.
Early implementations of this method, using a variety of standard spin-flavor interpolating fields of fixed source-distribution size, were not successful in isolating energy eigenstates. Instead the putative eigenstates were superpositions of energy-states [25] and the lowlying Roper state was hidden by excited-state contaminations. A solution to this problem was established in Refs. [26, 27] where a low-lying Roper state was isolated. Key to this approach, used herein, is the utilization of a diverse range of fermion source and sink smearings in creating the matrix of correlation functions. The diversity of smearings leads to a wide variety of superpositions of excited-state contributions, providing a suitable basis for constructing linear combinations which isolate the eigenstates.
These effective techniques [25] [26] [27] [28] were developed in the quenched approximation and we bring them to the dynamics of full QCD for the first time here. The lowlying even-parity states of the nucleon are explored in full QCD using 2+1-flavor dynamical-QCD gauge-field configurations [8] . Whereas other recent full QCD analyses [20] [21] [22] report a first positive parity excited state that appears too high to be considered as the Roper resonance, we will illustrate how the low-lying Roper state of the present analysis approaches the physical mass of Nature, displaying significant chiral curvature at the lightest quark mass (corresponding to a pion mass of 156 MeV, only slightly above the physical value of 140 MeV). These full QCD results, providing the world's first insight into the nucleon mass spectrum in the lightquark regime, are significantly different from those of quenched QCD and provide interesting insights into the dynamics of QCD.
In constructing our correlation matrix for the nucleon spectrum, we consider the two-point correlation function matrix with momentum p = 0
where Dirac indices are implicit. Here, λ α i andλ α j are the couplings of the interpolators χ i andχ j at the sink and source respectively and α enumerates the energy eigenstates with mass m α . Γ ± = 1 2 (γ 0 ± 1) projects the parity of the eigenstates.
Since the only t dependence comes from the exponential term, one can seek a linear superposition of interpolators,χ j u α j , such that
for sufficiently large t 0 and t 0 +△t. Multiplying the above equation by [G i j (t 0 )] −1 from the left leads to an eigenvalue equation
where c α = e −m α △t is the eigenvalue. Similar to Eq. (4), one can also solve the left eigenvalue equation to recover the v α eigenvector
The vectors u α j and v α i diagonalize the correlation matrix at time t 0 and t 0 +△t and provide the projected correlator
The parity projected, eigenstate projected correlator
is then analyzed using standard techniques to obtain the masses of different states [14, 25, 29] . The PACS-CS 2 + 1 flavor dynamical-fermion configurations [8] [8] ; for the strange quark κ s = 0.13640. We consider 350 configurations for the four heavier quarks, and 198 configurations for the lightest quark. An ensemble of 750 samples for the lightest quark mass is created by using multiple fermion sources on each configuration, spaced to sample approximately independent regimes of each configuration. Our error analysis is performed using a second-order jackknife method, where the χ 2 /dof for projected correlator fits is obtained via a covariance matrix analysis. Our fitting method is discussed in Refs. [25, 27] .
The complete set of local interpolating fields for the spin- 
Each interpolator has a unique Dirac structure giving rise to different spin-flavor combinations. Moreover, as each spinor has upper and lower components, with the lower components containing an implicit derivative, different combinations of zero and two-derivative interpolators are provided. The local scalar-diquark nucleon interpolator, χ 1 , is well known to have a good overlap with the ground state of the nucleon. Also, this χ 1 interpolator is able to extract a low-lying Roper state in quenched QCD [27] . On the other hand, the χ 2 interpolator, which vanishes in the non-relativistic limit, couples strongly to higher energy states. The interpolator χ 4 is the time component of the local spin- In constructing our correlation matrices, we first consider an extensive sample of different levels of gaugeinvariant Gaussian smearing [31] Fig.1 displays effective mass plots, m(t) = ln{G + i j (t)/G + i j (t + 1)} for smeared-source to point-sink correlators of χ 1 . The variation in the superposition of excited state contributions is revealed in the different approaches of the effective mass to the ground state plateau where the results converge. From these plots, it is clear that the correlation matrix analysis for excited state contributions will be most effective in the regime t = 17 − 21 where there is diversity in the curves.
To explore the low-lying eigenstates of the nucleon spectrum, we construct several 4×4 correlation matrices of χ 1 as described in Table 1 . These matrices provide robust results for the lowest three energy eigenstates observed, with the highest energy level accommodating the fourth eigen-energy and any residual strength from higher states not eliminated via Euclidean time evolution.
The masses from the projected correlation functions obtained from the correlation matrix analysis are very consistent over the variational parameters (t 0 ,△t) as illustrated in Fig. 2 . Careful examination of Fig. 2 re- [26, 27, 29] . However, larger uncertainties are evident for t 0 = 18, 19 with large △t due to the suppression of excited states via Euclidean time evolution. We select t 0 =18, △t=2 as providing the best balance between these systematic and statistical uncertainties [25, 27] . These variational parameters also provide projected correlation functions having favorable χ 2 /dof in the effective mass fits.
The consistency of the extracted masses from all the 4 × 4 matrices considered in Table 1 is illustrated in Fig. 3 . In particular, the ground and Roper states are robust. Both lower and higher smearing radii are beneficial for spanning the space of states at all quark mass. However, we avoid bases which include extreme smearing counts (400 and 800) as these often provide ill- Figure 2 : (Color online). Masses from the projected correlation functions as shown in Eq. 7, for each set of variational parameters t 0 (major axis) and △t (minor axis). This figure corresponds to the lightest quark mass, κ ud = 0.13781, for which m π = 156 MeV, and the 3rd basis of Table 1. defined correlation matrices. Hence, we select basis number 3 as the focus of subsequent analysis.
In Fig. 4 , results for the first 12 eigenstate energies are reported for the five quark masses available. The scale is set via the Sommer parameter [33] . The 12 states are drawn from three 8 × 8 correlation-matrix analyses for pairs of χ 1 , χ 2 and χ 4 . The matrices are formed with each interpolator having four levels of smearing. Whereas the χ 1 , χ 2 and χ 4 , χ 2 analyses reveal the same spectrum, four new states are revealed in the χ 1 , χ 4 analysis in place of the four states dominated by χ 2 .
The colour coding and symbols for the states of Fig. 4 illustrate the flow of the states from one quark mass to the next as identified by the eigenvector annihilating the state. The structure of the eigenvectors isolating the states varies only slowly from one quark mass to the next making it easy to trace the propagation of the states from the heavy to the light quark-mass region. We note that this analysis reveals the same number of energy states as in the physical resonance spectrum be- Among the most significant results of this investigation is the manner in which the extracted Roper state (filled triangles) approaches the physical value. The significant curvature in the chiral regime indicates the important role played by mesonic dressings of the Roper. Non-interacting P-wave Nπ (E N + E π ) and S -wave Nππ (M N + M π + M π ) threshold scattering states are presented by the dashed and dotted lines, respectively. For the two large quark masses, the results sit close to the Pwave Nπ scattering threshold whereas the masses for the lighter three quark masses sit much higher. While there is some evidence for the P-and S -wave scattering states for the two heavier quarks, there is no evidence of these states at light quark masses.
A possible explanation for this feature is that the attractive mass-dependent and spin-dependent forces which are necessary for the formation of a strong resonance only have sufficient strength at light quark masses. For example, it is typical to encounter spindependent forces which are inversely proportional to the product of the quark masses undergoing gluon exchange. As there is no evidence for the threshold scattering states with back-to-back momenta of one lattice unit, p = (2π/L x , 0, 0), at the lightest three quark masses, we find it unlikely that scattering states with the next back-to-back momenta, p = (2π/L x , 2π/L y , 0) would suddenly appear in our spectrum. At light quark masses, resonant eigenstates dominated by single-particle states dominate the spectral function whereas at heavy quark masses, only the multiparticle states have spectral strength sufficient to be seen in the spectrum.
In addition to this quark-mass effect, there is a wellknown volume effect. The couplings to the multiparticle meson-baryon states are suppressed by 1/ √ V relative to states dominated by a single-particle state. On our relatively large volume, it is likely that multiparticle states will be suppressed and missed in our spectrum, particularly at lighter quark masses where the quark-mass effect also acts to suppress the spectral strength. Further analysis of finite volume effects [34] on the spectrum is desirable.
Future calculations should also investigate the use of five-quark operators to ensure better overlap with the multi-particle states. This type of novel work using the stochastic LapH method is in progress [35] . Indeed, complete knowledge of the spectrum is required for a [26] . In the quenched case, the lattice volume was (2 fm) 3 .
definitive determination of the properties of the Roper resonance. Fig. 5 provides a comparison of our results in full QCD with earlier results in quenched QCD [26] , where the effects of dynamical quark loops are not considered. While the ground state of the nucleon in quenched (open symbols) and full QCD (full symbols) are in reasonable agreement, significant differences are observed for the Roper in the light quark mass regime. This is an important discovery emphasizing the role of dynamical fermion loops in the structure of the Roper. Note, the difference between the P-wave πN threshold scattering state energies in full and quenched QCD is due to the difference in the lattice volume.
We have also compared [36] our extracted nucleon spectrum with the HSC collaboration's [37] results at m π 2 ≈ 0.27 GeV 2 where multi-particle states are seen in our analysis. Taking into account their small-volume of (1.97 fm) 3 , which shifts the energy of the P-wave scattering states for example, both spectra are in good qualitative agreement. Of particular note is the identification of the same number of energy states below 3 GeV.
This investigation is the first to illustrate the manner in which the Roper resonance of Nature manifests itself in today's best numerical simulations of QCD. The quark mass dependence of the state revealed herein substantiates the essential role of dynamical fermions and their associated non-trivial light-mesonic dressings of baryons, which give rise to significant chiral non-analytic curvature in the Roper mass in the chiral regime.
